Abstract. We show the smoothness of weakly Dirac-harmonic maps from a closed spin Riemann surface into stationary Lorentzian manifolds, and obtain a regularity theorem for a class of critical elliptic systems without anti-symmetry structures.
Introduction
Motivated by the supersymmetric nonlinear sigma model from quantum field theory, e.g.
[D + 99, Jos09], the notion of Dirac-harmonic maps from spin Riemann surfaces into Riemannian manifolds were introduced in [CJLW06] . In the viewpoint of mathematics, they are generalizations of the classical harmonic maps and harmonic spinors. The action functional for Diracharmonic maps from spin Riemann surfaces preserves the conformal invariance, which makes the variational problem borderline cases of the Palais-Smale condition, and hence standard PDE methods can not be applied to get the regularity of critical points.
From the perspectives of sigma model from quantum field theory, see e.g. [ALZ03] , it is natural and of great interest to consider Dirac-harmonic maps from spin Riemann surfaces into pseudo-Riemannian manifolds, in particular, certain Lorentzian manifolds arising from general relativity e.g. [KSHM80, O'N83] . In this paper, we shall address this issue. Suppose (M 2 , g M ) is a smooth and closed spin Riemann surface, ΣM is a spinor (vector) bundle over M . A stationary Lorentzian manifold is a product manifold N : = R 1 × N , where (N n , g N ) is a compact Riemannian manifold of class C 3 , equipped with a Lorentzian metric
where λ is a positive C 2 function on N ; ϑ is a C 2 1-form on N and dr 2 is the standard metric on R 1 . Consider the space of smooth pairs (φ, ψ) defined by X (M, N ): = (φ, ψ): φ ∈ C ∞ (M, N ) and ψ ∈ Γ(ΣM ⊗ φ −1 T N ) , and the following Lagrangian over X (M, N ),
where {e α } is an orthonormal frame of M , ·, · ΣM ⊗φ −1 T N denotes the inner product induced from those on ΣM and the pullback bundle φ −1 T N , and D is the Dirac operator along the map φ. Critical points (φ, ψ) ∈ X (M, N ) of (1.2) are called Dirac-harmonic maps from M to N . In this paper, we shall investigate the regularity issue for Dirac-harmonic maps from a closed spin Riemann surface into stationary Lorentzian manifolds. In order to define the weak solutions, we shall isometrically embed (N, g N ) into some Euclidean space (R K , g 0 ) and set Theorem B. Suppose M and X w (M, N ) are given as before, and (N , g N ) is a smooth pseudoRiemannian manifold. If (φ, ψ) ∈ X w (M, N ) is a weakly Dirac-harmonic map and φ is continuous, then (φ, ψ) is smooth.
When the targets are spherical, a Jacobian structure for the weakly Dirac-harmonic maps was derived in [CJLW05, Prop. 2.1], and the regularity follows directly from Wente's lemma [Wen69] , see also Hélein [Hél02, Thm. 3.1.2]. When the targets are compact hypersurfaces in R n , it was observed in [Zhu09] that the map part of a Dirac-harmonic map satisfies an elliptic system with an L 2 -antisymmetric structure and hence the results by Revière [Riv07] and Rivière-Struwe [RS08] can be applied to get the regularity for weak solutions. The case of general compact Riemannian targets was handled independently in [WX09] and in [CJWZ13] . See [CJWZ13, SZ16] for some boundary regularity results. For regularity theory of weakly harmonic maps from Riemann surfaces into compact Riemannian manifolds, we refer to [Hél02, Riv07, RS08] .
When the target manifolds become non-compact or non-Riemannian, however, in general, the L 2 -antisymmetric structure for harmonic map systems into compact Riemannian targets observed in [Riv07] may not be preserved any more. Therefore, it is of great interest to explore the extent to which the methods developed for elliptic systems with an L 2 -antisymmetric structure can be generalized to elliptic systems of more general types. This is partially achieved in [Zhu13] , where the smoothness of weakly harmonic maps into certain pseudo-Riemannian manifolds, in particular, stationary Lorentzian manifolds, is proved by extending the results in [Riv07, RS08] to certain critical elliptic systems without an L 2 -antisymmetric structure. In [Zhu13] , it was shown that the harmonic map system into stationary Lorentzian manifolds can be written as a critical elliptic system with a potential which is a priori in L 2 but not necessarily antisymmetric, however, by exploring the geometric properties of the targets, it is observed that this potential has certain hidden antisymmetric structure and divergence free structure, which is crucial in proving the regularity.
In this paper, we shall extend the result in [Zhu13, Thm. 1.2] further by establishing a regularity theorem for a more general class of critical elliptic systems without an L 2 -antisymmetric structure in general domain dimensions.
Theorem C. Suppose B ⊂ R m is the unit ball, m ≥ 2 and n > 0 are two integers. Denote M(n) to be the set of n × n real matrices. For any
where Ω satisfies − div Ω = W, (1.5) with the coefficients satisfying the following conditions
and
To prove Theorem A, we shall first derive the extrinsic version of the Euler-Lagrange system for the functional L by carefully exploring the extrinsic geometric structures of stationary Lorentzian manifolds, see Sect. 3. Then, we shall rewrite the system for the map part into the same form as in (1.4) and (1.5), see Proposition 4.1. Finally, thanks to the improved regularity of the spinor part (see Sect. 4.2), Theorem C can be applied to get the Hölder continuity of the map part.
For some other analytic aspects of harmonic maps into pseudo-Riemannian manifolds, we refer to [Hél04, Zhu13] . For regularity of harmonic maps into static Lorentzian manifolds (taking the metric (1.1) with ϑ ≡ 0), see [Iso98] .
The rest of the paper is organized as follows: in Sect. 2, we set up the background and recall some basic properties of Dirac operator. The Euler-Lagrange equation for weakly Diracharmonic maps into stationary Lorentzian manifolds is derived in Sect. 3, then we prove the continuity and smoothness of weakly Dirac-harmonic maps in Sect. 4 and Sect. 5, respectively. Finally, in Appx. A, we collect some analytic results needed for the proof of Theorem C.
Preliminaries
Suppose (M m , g M ) is a smooth and closed spin Riemannian manifold of dimension m ≥ 2, ΣM is a spinor bundle over M and (N , g N ) is a pseudo-Riemannian manifold N of class C 3 with a pseudo-Riemannian metric g N . We will consider a pair of fields (φ, ψ), where φ is a map from M to N and ψ is a section of the twisted bundle ΣM ⊗ φ −1 T N , ψ is called a spinor filed along the map φ. If φ is continuous, then in local coordinates, the section ψ can be written as (we will always adopt the Einstein summation convention)
where each ψ j is a usual spinor on M , and
are the natural local basis on 
where Γ(·) denotes the collection of smooth sections. For more details on spin geometry and semi-Riemannian geometry, we refer to [LM89, O'N83]. Let X (M, N ) be the space of smooth pairs (φ, ψ) as defined in Sect. 1. It is clear that the
By the non-degenerateness of g N , a direct computation as in [CJLW06, Prop. 2.1] shows that the Euler-Lagrange equations of L on X (M, N ) are given by
where τ (φ) is the tension map of φ, and locally
R is defined by the pseudo-Riemannian curvature of (N , g N ). More precisely,
are the components of the pseudo-Riemannian curvature tensor R of (N , g N ),
which is defined by R( In what follows, we turn to the extrinsic point of view by isometrically embedding (N, g N ) to another Riemannian manifold (N ,ḡ) of dimension K, and the results will be applied to the case N = R K in Sect. 3.2. Firstly, we note the following proposition. 
Remark. Geometrically, the above construction means g N is the standard Lorentzian metric −dr 2 +ḡ on N \ (R 1 × V δ N ) and when restricted to N , it is exactly the metric g N . In particular, since N is compact, g N and all its derivatives are L ∞ bounded on N , which implies that the pseudo-Riemannian Christoffel symbols and the pseudo-Riemannian curvature of (N , g N ) are L ∞ bounded. Note that the second fundamental form of N ⊂ N is also L ∞ bounded, see (3.9).
Thanks to the above proposition, we can view N as a submanifold of N , and define the second fundamental form as in Riemannian case, i.e.,
Clearly, if ψ is a spinor field along the map φ, thenψ is a spinor field along the mapφ. Denote by A the second fundamental of ι: N ֒→N , then the tension fields of ϕ andφ are related by
If we denote¯ D to be the Dirac operator along the mapφ, then
DenoteR and R to be the pseudo-Riemannian curvature of (N , g N ) and (N , g N ), respectively. Define R as the same as R in (2. 
whereP (Ā(dφ(e α ), e α · ψ); ψ) is defined by the shape operatorP (with abuse of notation) as follows:P
Finally, we shall make a remark about the isometric embedding and the music isomorphism. Supposeῑ: (N , g N ) ֒→ (N , g N ) is an isometric embedding between pseudo-Riemannian manifolds. For any 1-formω ∈ Γ(T * N ), let ω =ῑ * ω ∈ Γ(T * N ) be the pullback 1-form, and ω ♯ ∈ Γ(T N ), ω ♯ ∈ Γ(T N ) be the corresponding vector fields via music isomorphism. It is easy to show w ♯ = (ω ♯ ) ⊤ , i.e., the tangential part ofω ♯ in T N . Equivalently, the following diagram commutes:
In fact, we will only need the Riemannian case of (2.8) with ι:
where g 0 is the standard Euclidean metric over R K .
The Euler-Lagrange equations
Following the scheme in [Zhu13] , instead of employing the Euler-Lagrange equation (2.2) directly, we need to separate the time and spacial components in the equation of φ. We shall first compute the Euler-Lagrange equation of L(φ, ψ) in the smooth category, which is the content of Sect. 3.1. Then, in Sect. 3.2, we employ the extrinsic point of view by embedding N isometrically into R K , and rewrite the intrinsic equation into the extrinsic one, from which we can define weak solutions via integration by parts. We begin by expressing our Lagrangian (1.1) in local coordinates. Suppose
Therefore, 
where τ (ϕ) is the tension field of ϕ: M → N , and
R is the pseudo-Riemannian curvature tensor of (N , g N ), and g N is the Riemannian metric of N .
Proof. Take a local orthonormal frame {e α } with ∇ eα e β = 0 at x ∈ M , and note that
by the self-adjoint property of D. Therefore, by the non-degenerateness of g N , we obtain (3.3). Next, we consider a variation
The processing of II and III are similar to [CJLW06, Prop. 2.1], while I needs to be handled carefully. In fact, II is the variation of classical Dirichlet energy of harmonic maps (into N ), which is given by
where τ (ϕ) is the tension field of ϕ: M → N , which is defined as the trace of
. For III, we note first that, by (3.3),
where R is the pseudo-Riemannian curvature operator of (N , g N ). On account of the above formula of D dt D ψ, and by the self-adjoint of D, apply (3.3) again, we see that
where ∇φ l = φ l α e α , and To compute I, we set V = V 0 and
Now, integration by parts gives,
where H ♯ is given in (3.4).
In conclusion, we obtain
, from which we deduce the equations (3.1)-(3.2).
The weak Dirac-harmonic map equation.
In what follows, we will consider the isometric embedding ι: N → N = R K , and transform the Euler-Lagrange equation into extrinsic view, from which we can define the weak sense of Dirac-harmonic equation. Denoteῑ = id × ι : N → R × R K =: N , and recall that we extended λ, ϑ to N via nearest projection and cut-off function (see Proposition 2.1), then we can write ϑ as ϑ = (ϑ 1 , . . . , ϑ K ) ∈ R K and ϕ as ϕ = ϕ 1 , . . . , ϕ K , where
is a natural basis of N with ∂ v 0 = ∂ y 0 to be a basis of R 1 , then¯ D can be expressed by the usual Dirac operator as follows Dψ = ∂ψ +Γ(dφ(e α ), e α ·ψ), (3.5) are the Christoffel symbols of (N , g N 
It is easy to show,
whereĀ ab is a normal vector filed along N defined as follows
is a local orthonormal frame of T ⊥ N ⊂ T N . In fact, if we writeν l : =v a l ∂ v a , then by the compatibility of pull-back connection, we know that
In components, we can write (3.7) as
In order to show the boundedness of second fundamental form, we note first that
l . In particular, we see that for any l and any a, |v a l | ≤ 1. Moreover, by the construction of the metric of N , we can takeν l (t, y) to be independent of time t, i.e., it depends only on y ∈ N , which implies that |∂v c l /∂y i | is bounded also. Finally, since N is compact, we know that ι and its derivatives are bounded. This shows that |Ā ij | is bounded.
It is also easy to rewrite the equation of mapφ = (ϕ 0 , ϕ 1 , . . . , ϕ K ). Firstly, by (2.7),
where
To rewrite the equation of ϕ, we need the Gauss equation of semi-Riemannian geometry, i.e.,
and the skew adjointness of Clifford multiplication, i.e.,
where ·, · ΣM is the Riemannian metric of ΣM . By (2.8), the above two relation implies that
It is also easy to show
Finally, by (2.5),
We conclude the above discussion into the following proposition.
Proposition 3.2. The Euler-Lagrange equation of L can be rewritten as follows (under the identification of ι • ϕ with ϕ,φ with φ andψ with ψ)
where ⊤ is the tangential part of the Riemannian orthogonal decomposition
Recall that X w is the (admissible) space of weakly Dirac-harmonic maps defined in (1.3).
where the metric on T M ⊗ R K is the standard product metric of g M and Euclidean metric on R K , but the metric on ΣM ⊗ R K+1 is the product metric of ΣM and pseudo-Riemannian metric defined by (2.4).
The continuity of weakly Dirac-harmonic maps
Here and in the sequel, we will consider the regularity of weakly Dirac-harmonic maps from a closed Riemann surface (M, g M ) into a Lorentzian manifold (N , g N ) . We can always assume that M = D is a 2-disc with Euclidean metric when we encounter the regularity issue. In the first subsection, we will rewrite the weakly Dirac-harmonic maps into certain "standard form", from which the continuity regularity of the map (i.e., Theorem A) is derived from Theorem C, which is proved in Sect. 4.3.
4.1. The local equations of weakly Dirac-harmonic map over 2-disc. Note first that, if we set
is not an orthonormal frame of T ⊥ N in T N in general, because the Riemannian metric of N is not the restricted metric of g N on N .), then as for harmonic maps,
where, Θ = (Θ da ), and
, which is clearly anti-symmetric.
Clearly, for a vector T = (T 1 , . . . , T K ) ∈ T N ⊂ T R K , the tangential part of T can be written as
i.e.,
In particular,
If we set
then the first equation in (3.11) is
By (3.10), we know that
Recall that the equation ofψ = (ψ 0 , ψ 1 , . . . , ψ K ) is given by (3.8), and the twisted bundle ΣD ⊗φ −1 T N is trivial, thusψ can be viewed as a vector valued function from D to C 2 ⊗ R K+1 . We conclude the above discussion into the following proposition. N ) is a weakly Dirac-harmonic map. Then locally, under the identification ofφ,ψ with φ = (ϕ 0 , ϕ 1 , . . . , ϕ K ) and ψ = (ψ 0 , ψ 1 , . . . , ψ K ) respectively, the equation of ψ and φ can be written as
respectively, where
2. An improved L p -regularity of the spinor. Note that the terms w and υ in (4.4) are equivalent to ψ, ∇φ · ψ ΣD , which are a priori in L 1 (D) merely. Our next step is to improve the regularity of ψ, which implies (4.4) is a L q (D) perturbation of the equation for weakly harmonic maps into Lorentzian manifold for some q with 1 < q < 2.
Since φ ∈ W 1,2 and ψ ∈ W 1,4/3 , by Sobolev embedding theorem, φ ∈ W 1,2 ∩ L q for any q ∈ (1, +∞) and ψ ∈ L 4 . Note that ∇φ ∈ L 2 ,Ā andΓ are L ∞ bounded as remarked in Proposition 2.1, if we take D ′ ⊂ D small enough, the smallness condition is satisfied in the following lemma, which in return shows that ψ ∈ L p (D) for any p > 4.
Although we only need to apply the following lemma to the case m = 2, we state here the higher dimensional case, where the L p norm is replaced by Morrey norm. Such kind of result was first obtained in [Wan10] for some other Dirac type equations. Let Ω be a bounded domain in R m , recall that for 1 ≤ p < ∞ and λ ≥ 0, the Morrey norm of a function f ∈ L p loc (Ω), is defined as
is a weak solution of the nonlinear system
4.3. The continuity of generalized harmonic maps. In this subsection, we will prove Theorem C, which is a further generalization of the one in [Zhu13, Thm. . The first step is to apply the Hodge decomposition (see Theorem A.1) to Ω and obtain a divergence free structure with additional perturbation term, which needs to be handle carefully.
Proof of Theorem C. By Hodge decomposition Theorem A.1, there exist η ∈ W 1,2 (B, M(n)) and
By (1.5) we know that ∆η = −W ∈ L q (B), thus η ∈ W 2,q (B) and for q * = mq/(m − q),
Apply the above argument to the scaled equation
we obtain
Note that (1.4) implies
Letῡ: = F A · G∇u andυ: =ῡ + υ. Note that, as we remarked our theorem holds also for υ ∈ L s for some s > m/2, however,ῡ ∈ L q for some 1 < q < 2 merely, which explains why we need to handle them differently. By (1.6), if we take ǫ = ǫ(m, Λ) > 0 small enough, then we can apply Lemma A.2 to (4.8) to show, there exist P ∈ W 1,2 (B, SO(n)) and ξ ∈ W 1,2
If we write
, then (4.9) can be written as
. Apply (1.7), it is easy to show
(4.11)
Combining it with (A.2) and the assumption (1.6), note also (4.6), we obtain
(4.12)
On the other hand, since P −1 ∈ SO(n), it follows from (1.7) that 
for a.e. x ∈ B R (x 0 ), (4.14)
and by (4.9),
Then, by (4.13) and (4.14),
where p * = p/(p − 1), and thereafter the norms refer to the domain B R (x 0 ). Note that W 1,p * 0
Moreover, by (4.15), we estimate
To simplify the notation in what follows, we also introduce the following notations:
By Lemma A.3 and the conditions (1.6), (1.7), we obtain,
Now, by assumption, Ω ∈ M 2 2 (B) and W ∈ M q 2 (B). We see that from (4.7), for any
Now, we iterate (4.20) as follows: for any given r ∈ (0, λ), suppose λ l+1 < r ≤ λ l for some l ∈ N, and we denote C:
for simplicity, then since λ δp < 1/4 and λ pα = 1/2, we know that λ (α−δ)p > 2, and Now, we are ready to prove Theorem A. For m = 2, n = K + 1, by Proposition 4.1, the equation of φ is given by (4.4), which has exactly the same form of (1.4). However, we need to verify the conditions in Theorem C. Note that, (1.5) is just − div(λ(ϕ)V ♯ ) = w, which is included in the equation (4.4). By Theorem 4.2, ψ ∈ L p (D) for any p > 4. Therefore, w ∈ L q (D) for any 1 < q < 2. Similarly, υ ∈ L q (D) for any 1 < q < 2. Here, we need the remark after Proposition 2.1 to show the L ∞ -boundedness of the components for Christoffel symbols, the pseudo-Riemannian curvature and the second fundamental form. The smallness condition (1.6) is satisfied provided we take B = B 4R (x 0 ) small enough. The rest conditions in Theorem C are easy to verify, and it implies that φ is Hölder continuous in B 2R (x 0 ). By the arbitrariness of B, we show the Hölder continuous of φ over the Riemann surface M . This finishes the proof of Theorem A.
The smoothness of weakly Dirac-harmonic maps
The main content of this section is devoted to improving the regularity of weakly Diracharmonic maps. Recall that for weakly Dirac-harmonic map (φ, ψ) ∈ X w , by Theorem A, we already shown that φ is Hölder continuous. In that case, we can write the Euler-Lagrange equation into (2.2). The main obstruction to apply bootstrap argument to the equation (2.2) of (φ, ψ) is the C 1,α -regularity of φ. Since the following argument holds for general pseudoRiemannian target manifold (not only Lorentzian manifold), we will prove Theorem B together.
For 
satisfies the following conditions over D,
Then φ ∈ C 1,α (B R (x 0 )) and ψ ∈ C α (B R (x 0 )) for any α ∈ (0, 1), provided that R is sufficiently small.
Sketch of the proof. The idea is to show first that φ ∈ W 2,2 ∩ W 1,4 (B R (x 0 ), N ), which is based on the relation of weak derivatives and difference quotients, i.e., for φ ∈ C 0 ∩ W 1,4 ∩ W 3,2 (B 2R (x 0 ), N ), we can prove for small enough R,
and then replace the weak derivatives by difference quotients of φ. Whenever we have shown φ ∈ W 2,2 (B R (x 0 )) ⊂ W 1,p (B R (x 0 )) for any p ≥ 1, note the continuity of φ, we know that the right-hand side equation of ψ in (5.1) is in L p (B R (x 0 )) for any p > 2, and the L p estimates of Dirac operator (see [CJLW06, Lem. 4 .7]) implies that ψ ∈ C α (B R (x 0 )) for any α > 0. The L p estimates for the equation of φ in (5.1) implies that φ ∈ W 2,p (B R (x 0 )) for any p > 2, and so φ ∈ C 1,α (B R (x 0 )). Now, since φ is continuous, we can choose local coordinates on N , such that Γ k ij (φ(x 0 )) = 0, for all i, j, k = 0, 1, . . . , n. Then it is easy to verify that (2.2) can be rewritten into the form of (5.1), and the coefficients satisfies the conditions (5.2). Therefore, Theorem 5.1 implies that φ ∈ C 1,α (B R (x 0 )) and ψ ∈ C α (B R (x 0 )) for any sufficiently small B R (x 0 ) ⊂ M . By the elliptic estimates for the Dirac operator, we have ψ ∈ C 1,α (B R (x 0 )). Theorem B follows from the standard bootstrap argument of elliptic theory and the arbitrariness of x 0 .
Appendix A. Hodge decomposition, Coulomb gauge of Morrey type and Hardy-BMO duality
In this appendix, we state some classical results which are needed in the proof of Theorem C. The first one is the following Sobolev-type Hodge decomposition theorem.
Theorem A.1 ([Bet93, Prop. II.1]). Suppose 1 < p < +∞ and ω ∈ W l,p is a k-form on R n , then there is a k − 1-form α ∈ W l+1,p and a k + 1-form β ∈ W l+1,p , such that
Moreover, α and β are unique. If dω = 0 (resp. d * ω = 0), then β = 0 (resp. α = 0).
As a corollary, if we take a cutoff function ρ ∈ C ∞ 0 (B 2 ), with ρ| B 1 ≡ 1, 0 ≤ ρ ≤ 1, |∇ρ| ≤ 2/ρ, and apply Theorem A.1 to ρω, then we obtain α, β ∈ W l+1,p , such that where f x,r is the integral mean over B r (x), and the norm on Hardy space H 1 is given by The key estimate in the proof of Theorem C is given by the following lemma, which is usually referred to as Hardy-BMO duality. The following form is due to Fefferman [Fef71] 
